We identify a Sierpinski object in the category of fuzzy bitopological spaces, which is different from the two Sierpinski objects in this category, obtained earlier by Khastgir and Srivastava.
Introduction
Giuli and Salbany [6] studied the category BTOP of bitopological spaces and identified two Sierpinski objects namely the 'quad' and the 'triad' in BTOP. Subsequently, Khastgir and Srivastava [7] studied the category BFTS of fuzzy bitopological spaces and identified two Sierpinski objects 'I 2 ' and '2I' in BFTS and showed that they behave in the same way in BFTS as do the 'quad' and the 'triad' in BTOP respectively.
In the present work, we obtain another Sierpinski object in BFTS which is different from 'I 2 ' and '2I'.
Preliminaries
For the category theoretic notions used here, [1] may be referred. All subcategories are assumed to be full and replete.
Let L be a frame with 0 and 1 being its least and largest elements respectively. For a given set X, let0 and1 denote the constant maps from X to L with values 0 and 1 respectively.
Given a set X, L X will denote the family of all maps µ : X → L (called L-sets or L-fuzzy sets). L X is also a frame under the frame structure induced by that on L.
We recall some definitions which are used in this paper.
Definition 2.1 [9]
A family τ ⊆ L X is called an L-topology on a set X, and the pair (X, τ ) an L-topological space, if τ is closed under arbitrary suprema and finite infima. Furthermore, a map f :
By L-TOP, we shall denote the category of all L-topological spaces and their continuous maps.
If we take L = I(= [0, 1]), then an L-topological space is known as fuzzy topological space (cf. [3] ).
Let FTS denote the category of all fuzzy topological spaces and their continuous maps.
Definition 2.2 [7]
A fuzzy bitopological space is a triple (X, τ1, τ2), where X is a set and τ1, τ2 are fuzzy topologies on X. Furthermore, if for every distinct pair x, y ∈ X, there exists µ ∈ τ1 ∪ τ2 such that µ(x) = µ(y), then (X, τ1, τ2) is called T0 (or 2T0).
Let BFTS denote the category of all fuzzy bitopological spaces and their bicontinuous maps and BFTS0 denote the subcategory of BFTS whose objects are T0-fuzzy bitopological spaces.
The notions of subspace, homeomorphism and embedding, for a fuzzy bitopological space, are on expected lines.
The category BFTS has initial structures (cf. [4] ).
where X is a set and {(Yi, δi, δ ′ i ) | i ∈ I} is a family of fuzzy bitopological spaces. Then the fuzzy bitopology (∆, ∆ ′ ) on X, which is initial with respect to the family F , is the one for which ∆ (resp. ∆ ′ ) is the fuzzy topology on X having the subbase {f
Given a family {(Xi, τi, τ ′ i ) | i ∈ I} of fuzzy bitopological spaces, the initial fuzzy bitopology on X (= i∈I Xi) with respect to the family of all projection maps {pi : X → (Xi, τi, τ ′ i ) | i ∈ I} is called the product fuzzy bitopology.
Let C be a category and H some class of C -morphisms.
Definition 2.5 [7]
A C -object X is called:
• a cogenerator in C if for every
Note: In many familiar categories, H is usually taken to be the class of all embeddings in these categories, in which case the term 'H -injective' is shortened to just 'injective'.
Definition 2.6 [7]
Let A be a class of C -objects. We say that C is H -cogenerated by A if every C -object is an H -subobject (X is an Hsubobject of Y if there is some h : X → Y , with h ∈ H ) of a product of objects in A .
Definition 2.7 [8]
Given a category C of sets with structures, an object S of C is called a Sierpinski object if for every X ∈ obC , the family of all C -morphisms from X to S is initial.
The object (L, ∆) of L-Top, where ∆ = {0, idL,1}, is easily verified to be T0 and a Sierpinski object in L-Top (as has been shown in [10] for the case L = [0, 1]).
Sierpinski objects in BFTS
bi) respectively and (0, 1) and (1, 0) being its least and largest elements.
In this section, L will denote this particular frame Given any L-topological space (X, τ ), it turns out that τ1 = {p1 • µ | µ ∈ τ } and τ2 = {1 − (p2 • µ) | µ ∈ τ } are fuzzy topologies on X (cf. [3] ) and so (X, τ1, τ2) ∈ obBFTS. Accordingly, for the L-Sierpinski space (L, ∆), also we get (L, ∆1, ∆2) ∈ obBFTS, where ∆1 = {0, p1,1} and ∆2 = {0,1 − p2,1}.
We show in this section, that this object turns out to be a Sierpinski object in BFTS.
Remark 3.2 We note that the two projection map p1, p2 :
The following result is easy to verify. Proposition 3.1 For every (X, τ1, τ2) ∈ obBFTS and for every µ ∈ τ1 (resp. µ ∈ τ2), the map hµ : (X, τ1, τ2) → (L, ∆1, ∆2) defined as hµ(x) = (µ(x), 0) (resp. hµ(x) = (0, 1 − µ(x))) is a morphism in BFTS, with h
Proof : Let (X, τ1, τ2) ∈ obBFTS and F = BFTS((X, τ1, τ2), (L, ∆1, ∆2)). Let (Y, δ1, δ2) ∈ obBFTS and g : Y → X be a map such that f • g : (Y, δ1, δ2) → (L, ∆1, ∆2) is bicontinuous for every f ∈ F . We wish to show that g is bicontinuous. Let µ ∈ τ1. The bicontinuous map hµ : (X, τ1, τ2) → (L, ∆1, ∆2), described in Proposition 3.1, is already in • g is bicontinuous) .
Similarly, for every µ ∈ τ2, g ← (µ) ∈ δ2. So g is bicontinuous. Thus (L, ∆1, ∆2) is a Sierpinski object in BFTS.
Proposition 3.2 (L, ∆1, ∆2) is T0.
We point out that, earlier, two interesting Sierpinski objects in BFTS have been found by Khastgir and Srivastava in [7] , viz., (i) (I 2 , Π1, Π2), where I 2 = I × I, Πi = {0, πi,1}, i = 1, 2, and π1, π2 : I 2 → I are the two projection maps and (ii) (2I, Ω1, Ω2), where 2I = (I × {0}) ∪ ({0} × I), Ωi = {0, qi,1}, i = 1, 2, and q1, q2 : 2I → I are two maps defined as
Furthermore, while both of these turned out to be cogenerators in BFTS0, only (I 2 , Π1, Π2) turned to be injective also. Thus it is natural to ask: in what respect(s) the 'new found' Sierpinski object (L, ∆1, ∆2) is similar to the Sierpinski objects of [7] in BFTS? Proposition 3.3 (L, ∆1, ∆2) is a cogenerator in BFTS0.
Proof : Consider any distinct pair f, g : (X, τ1, τ2) → (Y, δ1, δ2) of morphisms in BFTS0. Then for some x ∈ X, f (x) = g(x). As (Y, δ1, δ2) is T0, µ(f (x)) = µ(g(x)) for some µ ∈ δ1 ∪ δ2. If µ ∈ δ1 (resp. µ ∈ δ2), then by Proposition 3.1, there exist a bicontinuous map hµ : (Y, δ1, δ2) → (L, ∆1, ∆2) defined as hµ(y) = (µ(y), 0) (resp. hµ(y) = (0, 1 − µ(y))).
Proof : Let (X, τ1, τ2) ∈ obBFTS0 and x, y ∈ X with x = y. Then µ(x) = µ(y), for some µ ∈ τ1 ∪ τ2. If µ ∈ τ1 (resp. µ ∈ τ2), then the bicontinuous map hµ : (X, τ1, τ2) → (L, ∆1, ∆2), described in Proposition 3.1, is already in F . Clearly hµ(x) = hµ(y). Thus F separates points of X.
Conversely, let F separate points of X and let x, y ∈ X with x = y. Then f (x) = f (y), for some f ∈ F and hence f ← (p1) ∈ τ1 and f ← (1 − p2) ∈ τ2. As f (x) = f (y), either p1(f (x)) = p1(f (y)) or (1 − p2)(f (x)) = (1 − p2)(f (y)), showing that (X, τ1, τ2) is T0. Proof : Let (X, τ1, τ2) ∈ obBFTS0 and F = BFTS ((X, τ1, τ2), (L, ∆1, ∆2) ). Define e : (X, τ1, τ2) → (L, ∆1, ∆2)
F as e(x)f = f (x), for every x ∈ X and for every f ∈ F . Let, for f ∈ F , π f denote the f -th projection map. Then for every x ∈ X, (π f • e)(x) = π f (e(x)) = e(x)f = f (x) implying that π f • e = f . Thus e is bicontinuous. Let x, y ∈ X with x = y. Then µ(x) = µ(y), for some µ ∈ τ1 ∪ τ2. If µ ∈ τ1 (resp. µ ∈ τ2), then the bicontinuous map hµ : (X, τ1, τ2) → (L, ∆1, ∆2), described in Proposition 3.1, is already in F . Clearly hµ(x) = hµ(y), showing that e(x) = e(y). Thus e is injective. Let µ ∈ τ1. Then for every x ∈ X, e → (µ)(e(x)) = ∨{µ(
. Thus e : X → e(X) is biopen, i.e., e is an embedding. Hence (L, ∆1, ∆2) H -cogenerates BFTS0.
For a fuzzy bitopological space (X, τ1, τ2), (X, τ1 ∨ τ2) is a fuzzy topological space, where τ1 ∨ τ2 is the coarsest fuzzy topology on X finer than τ1 and τ2.
Let (X, τ1, τ2) be a fuzzy bitopological space. Put pt(τ1 ∨ τ2) = {p :
are fuzzy topologies on pt(τ1 ∨ τ2) (cf. [7] ).
Definition 3.1 [7] A fuzzy bitopological space (X, τ1, τ2) is called bisober if ηX : (X, τ1, τ2) → (pt(τ1 ∨ τ2), τ
, defined as ηX (x)(µ) = µ(x), for every x ∈ X and for every µ ∈ τ1 ∨ τ2, is bijective.
In [7] , both (I 2 , Π1, Π2) and (2I, Ω1, Ω2) are shown to be bisober.
Proposition 3.6 (L, ∆1, ∆2) is bisober.
is bijective. The injectivity of ηL easily follows from the fact that (L, ∆1, ∆2) is T0. Now we show that ηL is surjective. Let p ∈ pt(∆1 ∨ ∆2). Then p : ∆1 ∨ ∆2 → I, being a frame map, is order preserving. So if p(p1) = α and p(1 − p2) = β, then α ≤ β. Hence α + 1 − β ≤ 1, implying that (α, 1 − β) ∈ L. Clearly ηL(α, 1 − β) = p. Thus ηL is surjective and hence (L, ∆1, ∆2) is bisober. Proof : Consider the identity map id : (L, ∆1, ∆2) → (L, ∆1, ∆2), which is clearly an extremal monomorphism. Define e : (L, ∆1, ∆2) → (I 2 , Π1, Π2) as e(a, b) = (a, 1 − b). It is easy to see that e is bicontinuous and injective. Also, for (a, b) ∈ L, (e → (p1))e(a, b) = {p1(x, y) | e(x, y) = e(a, b)} = p1(a, b) = a and π1(e(a, b)) = π1(a, 1 − b) = a. Thus, e → (p1) = π1| e(L) , whereby e → (p1) ∈ Π1| e(L) . Similarly, as e
Hence, e is an embedding. We show that e is also an epimorphism in BFTS0. Consider any distinct pair f, g : (I 2 , Π1, Π2) → (Y, δ1, δ2) of morphisms in
. This implies that (f • e)(1/2, 1/2) = (g • e)(1/2, 1/2), whereby f • e = g • e. Thus e is an epimorphism.
Now if there exists a morphism h : (I 2 , Π1, Π2) → (L, ∆1, ∆2) in BFTS0 such that h • e = id, then, as id is an extremal monomorphism, e will have to be an isomorphism, which clearly is not possible. Thus (L, ∆1, ∆2) cannot be injective in BFTS0.
Remark 3.3 The above result shows that (L, ∆1, ∆2) and (I 2 , Π1, Π2) are different.
In our last result, we shall use the following easy-to-verify result. Proof : Consider the fuzzy topological spaces (2I, Ω1 ∨ Ω2) and (L, ∆1 ∨ ∆2). It is clear that q1 ∧ q2 =0, so Ω1 ∨ Ω2 = {0, q1, q2, q1 ∨ q2,1}. As p1 ≤ (1 − p2), ∆1 ∨ ∆2 = {0, p1,1 − p2,1}. This shows that the number of elements in Ω1 ∨ Ω2 and ∆1 ∨ ∆2 are not same. Hence there cannot exist any bijection between Ω1 ∨ Ω2 and ∆1 ∨ ∆2. Thus (2I, Ω1 ∨ Ω2) and (L, ∆1∨∆2) are not homeomorphic and hence (2I, Ω1, Ω2) and (L, ∆1, ∆2) are also not homeomorphic.
